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Abstract
We study the symmetries enjoyed by the Newtonian equations of motion of the non-relativistic dark
matter fluid coupled to gravity which give rise to the phenomenon of gravitational instability. We also
discuss some consistency relations involving the soft limit of the (n + 1)-correlator functions of matter
and galaxy overdensities.
1
1 Introduction
There is no doubt that symmetries play a crucial role in high energy physics [1]. They allow, for instance,
to derive Ward identities among correlation functions which remain valid even after renormalization [2].
Symmetries are also relevant in the cosmological setting and have been the subject of a recent and intense
activity. They are particularly useful in characterizing the properties of the cosmological perturbations
generated by an inflationary stage [3]. During inflation the de Sitter isometry group acts as conformal
group on R3 when the fluctuations are on super-Hubble scales. In such a regime, the SO(1,4) isometry
of the de Sitter background is realized as conformal symmetry of the flat R3 sections and correlators are
constrained by conformal invariance [4–7]. This applies in the case in which the cosmological perturba-
tions are generated by light scalar fields other than the inflaton (the field that drives inflation). In the
opposite case in which the inflationary perturbations originate from only one degree of freedom, confor-
mal consistency relations among the inflationary correlators have also been recently investigated [8–11].
The fluctuations in single-field inflation are Goldstone bosons of a spontaneously broken dilation sym-
metry. Being non-linearly realized, the broken symmetry is still respected in Ward identities and leads
to a relation between the variation of the n-point function of the comoving curvature perturbation ζ
under dilation and the squeezed limit of the (n + 1)-point function [12, 13]. These identities will be
extremely useful in discriminating among the various mechanisms for the generation of the cosmological
perturbations. For instance, the detection of a sizable primordial three-point correlator in the squeezed
limit would rule out all single-field models where inflation is driven by a single scalar field with canonical
kinetic energy and an initial Bunch-Davies vacuum.
When perturbations re-enter the horizon, they provide the seeds for the the large scale structure of
the universe which grows via the gravitational instability [14]. At early epochs, the growth of the density
perturbations can be described by linear perturbation theory and the perturbation Fourier modes evolve
independently from one another, thus conserving the statistical properties of the primordial perturbations.
When the perturbations become nonlinear, the coupling between the different Fourier modes become
relevant, inducing nontrivial correlations that modify the statistical properties of the cosmological fields.
At intermediate quasi-linear scales the evolution of matter may be described analytically by extending
the standard perturbation theory [14], where one defines a series solution to the fluid equations in powers
of the initial density field. The n-th order term of the series for the density contrast grows as the n-th
power of the scale factor a (for a pressureless fluid), thus affecting its convergence properties.
The need for improving theoretical predictions for the next generation of very large galaxy surveys
has spurred many efforts to go beyond the standard perturbation theory. For instance, the renormal-
ized perturbation theory [15] reorganizes the perturbation expansion in terms of different fundamental
objects, the so-called non-linear propagator and non-linear vertices, to improve the convergence. The
renormalization group method [16] represents an alternative possibility where truncating the renormaliza-
tion equation at the level of some n-point correlator leads to a solution that corresponds to the summation
of an infinite class of perturbative corrections. Other methods have been proposed in Refs. [17–20].
The goal of this paper is to investigate the underlying symmetries of the Newtonian equations of
motion which describe the gravitational instability and their consequences. Consider the non-relativistic
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fluid equations in the presence of gravity
∂δ(~x, τ)
∂τ
+∇(1 + δ(~x, τ))~v(~x, τ) = 0, (1.1)
∂~v(~x, τ)
∂τ
+H(τ)~v(~x, τ) + [~v(~x, τ) · ∇]~v(~x, τ) = ∇Φ(~x, τ), (1.2)
∇2Φ(~x, τ) =
3
2
ΩH2(τ)δ(~x, τ), (1.3)
where we have denoted by ~x the comoving spatial coordinates, τ =
∫
dt/a the conformal time, a the
scale factor in the FRW metric, H = d ln(a)/dτ the conformal expansion rate and, in addition, δ(~x, τ) =
(ρ(~x, τ)/ρ¯ − 1) is the overdensity over the mean matter density density ρ¯, ~v(~x, τ) is the velocity of the
fluid away from the Hubble flow and Φ(~x, τ) is the gravitational potential due to density fluctuations.
Finally Ω = 8πGρ¯a2/3H2 is the density parameter.
We are interested in exploring possible symmetries of these equations (which are expected to correctly
describe the gravitational instability when vorticity and multi streaming are not present). In other words,
we are looking for which (possibly) non-linearly realized transformations of the coordinates and fields
τ → τ ′,
~x → ~x′,
δ(~x, τ) → Zδ(~x
′, τ ′)δ(~x′, τ ′) + ξδ(~x
′, τ ′),
~v(~x, τ) → Z~v(~x
′, τ ′)~v(~x′, τ ′) + ξ~v(~x
′, τ ′),
Φ(~x, τ) → ZΦ(~x
′, τ ′)Φ(~x′, τ ′) + ξΦ(~x
′, τ ′),
the Newtonian equations (1.1-1.3) describing the gravitational instability are invariant. The symmetries
of the equations depend on the explicit form of H(τ). We will explore two particular cases, a namely
matter-dominated era and ΛCDM.
Very much similar to what happens in quantum field theory, these symmetries lead to relations
among the correlation functions which are valid at any order in perturbation theory. As such, they
might be represent useful consistency checks of the various analytical approaches and possibly testable
by observations.
One example of such a symmetry and its utility is represented by the Galilean symmetry: being the
Newtonian equations those of a classical non-relativistic field theory, they are invariant under Galilean
transformations. This invariance is indeed the underlying reason for the cancellation of the leading
infrared divergences in the computation of the matter power spectrum observed in various perturbative
schemes to arbitrary number of loops [21–23].
In fact, we will show that the Galilean transformations are only a special case of a more general
set of transformations enjoyed by the non-relativistic fluid equations coupled to gravity. This general
set contains also the acceleration transformations where in the new system of coordinates the observer
is uniformly accelerated. Furthermore, if the universe is matter-dominated, the gravitational instability
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equations are invariant also under a Lifshitz scaling symmetry with a generic exponent z [24]. The
discussion of these symmetries will be performed in section 2 under the assumption that the universe is
matter-dominated, while section 3 is devoted to the case in which the universe contains a non vanishing
cosmological constant. A more elegant discussion of the symmetries will be given in section 4 based on
the derivation of the four-dimensional non-relativistic fluid equations from the dimensional reduction of a
five-dimensional scalar field theory. Finally, section 5 will contain a discussion of the consistency relations
which may obtained on the correlators from the underlying symmetries.
2 Symmetries during matter-domination
Let us start from the simplest possibility, a matter-dominated universe. In such a case the scale factor
a scales like τ2 and we have H = 2/τ . We will also assume Ω = 1. Under these assumptions, the fluid
equations Eqs. (1.1-1.3) are obviously invariant under SO(3) space rotations as well as under the Galilean
boosts
τ ′ = τ, ~x′ = ~x+ ~u τ, (2.1)
δ′(~x, τ) = δ(~x′, τ ′), (2.2)
~v′(~x, τ) = ~v(~x′, τ ′)− ~u, (2.3)
Φ′(~x, τ) = Φ(~x′, τ ′)−
2
τ
~u · ~x, (2.4)
where ~u is a constant three-dimensional vector. Indeed, since
∂
∂τ
=
∂
∂τ ′
+ ~u · ∇′ , ∇ = ∇′, (2.5)
we have, for example for Eq. (1.2),
0 =
∂~v′(~x, τ)
∂τ
+H(τ)~v′(~x, τ) + [~v′(~x, τ) · ∇]~v′(~x, τ)−∇Φ′(~x, τ)
=
∂~v(~x′, τ ′)
∂τ ′
+H(τ ′)~v(~x′, τ ′)−H(τ)~u+ [~v(~x′, τ ′) · ∇′]~v(~x′, τ ′)−∇Φ′(~x, τ)
= −H(τ)~u+∇′Φ(~x′, τ ′)−∇Φ′(~x, τ). (2.6)
Therefore, Eq. (1.2) is invariant if
∇Φ′(~x, τ) = ∇′Φ(~x′, τ ′)−H(τ)~u (2.7)
or
Φ′(~x, τ) = Φ(~x′, τ ′)−H(τ) ~u · ~x. (2.8)
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This is just Eq. (2.4) for H = 2/τ . Using the transformation (2.8) into (1.3), we get
0 = ∇2Φ′(~x, τ)−
3
2
ΩH2(τ)δ′(~x, τ) = ∇′2Φ(~x′, τ ′)−
3
2
ΩH2(τ)δ′(~x, τ)
=
3
2
ΩH(τ ′)2δ(~x′, τ ′)−
3
2
ΩH2(τ)δ′(~x, τ), (2.9)
from which the transformation (2.2) follows immediately. Finally, a simple inspection of Eq.(1.1) shows
that it is also invariant under (2.2-2.4), thus recovering the well-known invariance of the fluid equations
under Galilean transformations. In the infinitesimal form, the transformations (2.1-2.4) take the form
(with δ~u = ~b)
δgτ = 0, δg~x = ~b τ, (2.10)
δgδ(~x, τ) = τ ~b · ∇δ(~x, τ), (2.11)
δg~v(~x, τ) = τ ~b · ∇~v(~x, τ)−~b, (2.12)
δgΦ(~x, τ) = τ ~b · ∇Φ(~x, τ)−
2
τ
~b · ~x. (2.13)
The Newtonian equations are also invariant under the acceleration transformations
τ ′ = τ, ~x′ = ~x+
1
2
~aτ2, (2.14)
δ′(~x, τ) = δ(~x′, τ ′), (2.15)
~v′(~x, τ) = ~v(~x′, τ ′)− ~aτ, (2.16)
Φ′(~x, τ) = Φ(~x′, τ ′)− 3~a · ~x, (2.17)
where ~a is a constant three-dimensional vector. Indeed, using
∂
∂τ
=
∂
∂τ ′
+ τ ~a · ∇′, ∇ = ∇′, (2.18)
we get
0 =
∂~v′(~x, τ)
∂τ
+H(τ)~v′(~x, τ) + [~v′(~x, τ) · ∇]~v′(~x, τ)−∇Φ′(~x, τ)
=
∂~v(~x′, τ ′)
∂τ ′
− ~a+H(τ ′)~v(~x′, τ ′)−H(τ ′)τ~a+ [~v(~x′, τ ′) · ∇′]~v(~x′, τ ′)−∇Φ′(~x, τ)
= −~a−H(τ ′)~aτ +∇′Φ(~x′, τ ′)−∇Φ′(~x, τ) (2.19)
Therefore Eq. (1.2) is invariant if
∇Φ′(~x, τ) = ∇′Φ(~x′, τ ′)− ~a−H~aτ (2.20)
or
Φ′(~x, τ) = Φ(~x′, τ ′)− ~a · ~x− τH~a · ~x. (2.21)
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Again, for H = 2/τ , Eq. (2.16) follows. From the Poisson equation we get
0 = ∇2Φ′(~x, τ)−
3
2
ΩH2(τ)δ′(~x, τ) = ∇′2Φ(~x′, τ ′)−
3
2
ΩH2(τ)δ′(~x, τ)
=
3
2
ΩH2(τ ′)δ(~x′, τ ′)−
3
2
ΩH2(τ)δ′(~x, τ), (2.22)
so that δ(~x, τ) is an invariant scalar as Eq. (2.15) shows. Finally, using Eq. (2.15-2.17), we find that
(1.1) is also invariant. The corresponding infinitesimal form of the acceleration transformation is (with
δ~a = ~b)
δaτ = 0 δa~x =
1
2
~b τ2, (2.23)
δaδ(~x, τ) =
1
2
τ2~b · ∇δ(~x, τ), (2.24)
δa~v(~x, τ) = τ~b · ∇~v(~x, τ)−~bτ, (2.25)
δaΦ(~x, τ) =
1
2
τ2~b · ∇Φ(~x, τ)− 3~b · ~x. (2.26)
In fact, Galilean and acceleration transformations are special cases of a most general transformation of
the non-relativistic fluid equations
τ ′ = τ, ~x′ = ~x+ ~n(τ), (2.27)
δ′(~x, τ) = δ(~x′, τ ′), (2.28)
~v′(~x, τ) = ~v(~x′, τ ′)− ~˙n(τ), (2.29)
Φ′(~x, τ) = Φ(~x′, τ ′)−
(
~¨n(τ) +
2
τ
~˙n(τ)
)
· ~x. (2.30)
Note that we are using the dot to denote differentiation with respect to conformal time τ . In order to
prove the invariance of the fluid equations under the transformations (2.27-2.30), we note that
∂
∂τ
=
∂
∂τ ′
+ ~˙n · ∇′ , ∇ = ∇′, (2.31)
which means that the operator
Dτ =
∂
∂τ
+ ~v(~x, τ) · ∇ (2.32)
is invariant under the transformation (2.27). From Eq. (1.2) we therefore get
0 =
∂~v′(~x, τ)
∂τ
+H(τ)~v′(~x, τ) + [~v′(~x, τ) · ∇]~v′(~x, τ)−∇Φ′(~x, τ)
=
∂~v(~x′, τ ′)
∂τ ′
− ~¨n+H(τ ′)~v(~x′, τ ′)−H(τ ′)~˙n+ [~v(~x′, τ ′) · ∇′]~v(~x′, τ ′)−∇Φ′(~x, τ)
= −~¨n−H(τ ′)~˙n +∇′Φ(~x′, τ ′)−∇Φ′(~x, τ), (2.33)
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from which we deduce the transformation
∇Φ′(~x, τ) = ∇′Φ(~x′, τ ′) + ~¨n+H(τ ′)~˙n (2.34)
or
Φ′(~x, τ) = Φ(~x′, τ ′)−
(
~¨n+H(τ ′)~˙n
)
· ~x. (2.35)
It is a straightforward exercise to check the invariance of Eqs. (1.1) and (1.3) under the general trans-
formations (2.28),(2.29), and (2.30). Their infinitesimal form are given by (with δ~n = ~b)
δgenτ = 0, δgen~x = ~b(τ), (2.36)
δgenδ(~x, τ) = ~b(τ) · ∇δ(~x, τ), (2.37)
δgen~v(~x, τ) = ~b(τ) · ∇~v(~x, τ)− ~˙b(τ), (2.38)
δgenΦ(~x, τ) = ~b(τ) · ∇Φ(~x, τ)−
(
~¨b(τ) +
2
τ
~˙b(τ)
)
· ~x. (2.39)
Fluid equations during the matter-dominated period are also invariant under Lifshitz scalings of the form
τ ′ = λzτ, ~x′ = λ~x, (2.40)
δ′(~x, τ) = δ(~x′, τ ′), (2.41)
~v′(~x, τ) = λz−1~v(~x′, τ ′), (2.42)
Φ′(~x, τ) = λ2(z−1)Φ(~x′, τ ′) (2.43)
for a generic Lifshitz weight z. Indeed, using
∂
∂τ
= λz
∂
∂τ ′
, ∇ = λ∇′, (2.44)
we get
0 =
∂~v′(~x, τ)
∂τ
− ~a+H(τ)~v′(~x, τ) + [~v′(~x, τ) · ∇]~v′(~x, τ)−∇Φ′(~x, τ)
= λ2z−1
∂~v(~x′, τ ′)
∂τ ′
+ λz−1H(τ ′λ−z)~v(~x′, τ ′) + λ2z−1[~v(~x′, τ ′) · ∇′]~v(~x′, τ ′)−∇Φ′(~x, τ). (2.45)
We see immediately that only when H scales like 1/τ , the above equation is covariant. In this case we
get
0 = λ2z−1
(
∂~v(~x′, τ ′)
∂τ ′
−
2
τ ′
~v(~x′, τ ′) + [~v(~x′, τ ′) · ∇′]~v(~x′, τ ′)
)
−∇Φ′(~x, τ)
= λ2z−1∇′Φ(~x′, τ ′)−∇Φ′(~x, τ), (2.46)
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that is
∇Φ′(~x, τ) = λ2z−1∇′Φ(~x′, τ ′) (2.47)
or
Φ′(~x, τ) = λ2z−2Φ(~x′, τ ′). (2.48)
Using this transformation in Poisson equation we find
0 = ∇2Φ′(~x, τ) +
3
τ2
Ωδ′(~x, τ) = λ2z∇′2Φ(~x′, τ ′)− λz
3
τ ′2
δ′(~x, τ)
= −λ2z
3
τ ′2
Ωδ(~x′, τ ′)− λ2z
3
τ ′2
δ′(~x, τ), (2.49)
from which the transformation (2.41) immediately follows. Then, it is straightforward to check the
invariance of Eq. (1.1) under the transformations (2.41),(2.42) and (2.43). The infinitesimal forms of the
Lifshitz scalings read (with λ to be intended as an infinitesimal parameter)
δlτ = zλτ , δl~x = λ~x, (2.50)
δlδ(~x, τ) = λ~x · ∇δ(~x, τ) + z λ τ
∂
∂τ
δ(~x, t), (2.51)
δl~v(~x, τ) = λ~x · ∇~v(~x, τ) + zλτ
∂
∂τ
~v(~x, t) + (z − 1)λ~v(~x, τ), (2.52)
δlΦ(~x, τ) = λ~x · ∇Φ(~x, τ) + zλτ
∂
∂τ
Φ(~x, τ) + 2(z − 1)λΦ(~x, τ). (2.53)
Notice that in the linear regime, when the gravitational potential Φ(~x, τ) does not evolve as function
of time, Φ(~x, τ) has a Lifshitz weight equal to 2(z − 1). Going beyond the linear order and writing
Φ(~x, τ) =
∑
n≥0Φ
(n)(~x)τ2n, one finds that Φ(n)(~x) has Lifshitz weight (2n + 1)z − 2.
3 Symmetries in ΛCDM
In this section we investigate the symmetries if the universe, besides a matter component, is characterized
by the presence of a non vanishing cosmological constant. Having learnt that in the matter-dominated
case there is a set of transformations which contain Galilean and acceleration transformations as particular
case, let us consider the more general set of transformations
τ ′ = τ, ~x′ = ~x+ ~n(T ), (3.1)
where
T (τ) =
1
a(τ)
∫ τ
dη a(η). (3.2)
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Following the same steps of the previous section, it can be checked that the non-relativistic fluid equations
are invariant under
δ′(~x, τ) = δ(~x′, τ ′), (3.3)
~v′(~x, τ) = ~v(~x′, τ ′)− ~˙n(T ), (3.4)
Φ′(~x, τ) = Φ(~x′, τ ′) +
(
H~˙n(T ) + ~¨n(T )
)
· ~x, (3.5)
where again we remind the reader that the dot denotes differentiation with respect to conformal time τ .
The proof proceeds as in Eq. (2.33) after using (2.31). These transformation include the Galilean boosts
for which
~n(T ) = T~u,
∂T
∂τ
= 1−HT,
∂2T
∂τ2
= −H˙T −H(1−HT ). (3.6)
Eqs. (3.3-3.5) become
δ′(~x, τ) = δ(~x′, τ ′), (3.7)
~v′(~x, τ) = ~v(~x′, τ ′)− ~u(1−HT ), (3.8)
Φ′(~x, τ) = Φ(~x′, τ ′)− T
∂H
∂τ
~u · ~x. (3.9)
Acceleration transformations are also included as a special case. It is enough to take
~n(T ) =
1
2
~uT 2, (3.10)
and Eqs. (3.3-3.5) become
δ′(~x, τ) = δ(~x′, τ ′), (3.11)
~v′(~x, τ) = ~v(~x′, τ ′)−
1
2
~uT (1−HT ), (3.12)
Φ′(~x, τ) = Φ(~x′, τ ′) +
(
(1−HT )2 − T 2
∂H
∂τ
)
~u · ~x. (3.13)
One can also easily verify that the Lifshitz scaling is no longer a symmetry of the non-relativistic equations
when the universe is of the ΛCDM type.
4 Fluid dynamics by dimensional reduction and symme-
tries
The purpose of this section is to show how the symmetries of the non-relativistic equations describing the
gravitational instability may be though of as symmetries of higher dimensional theory on which dimen-
sional reduction is applied [25–27]. We are going to do it step by step, starting from a flat geometery and
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adding gravity and the expansion of the universe later on. Consider first the five-dimensional Bargmann
spacetime with metric
ds2 = 2dtdξ + d~x2, (4.1)
where ξ is a null direction. The dynamics of a free complex scalar field φ in such a space-time is described
by the Lagrangian
L5 = −∂µφ
†∂µφ, (4.2)
which can explicitly be written as
L5 = −∂tφ
†∂ξφ− ∂ξφ
†∂tφ− |∇φ|
2. (4.3)
For φ(t, ξ, ~x) of the form
φ(t, ξ, ~x) = eimξψ(t, ~x) (4.4)
the Lagrangian becomes
L5 = im
(
ψ†∂tψ − ψ∂tψ
†
)
− |∇ψ|2. (4.5)
The corresponding equation of motion for ψ(t, ~x) is
−∇2ψ(t, ~x) = 2im∂tψ(t, ~x), (4.6)
which is the well-known Schro´dinger equation. The theory (4.5) is invariant under the full Schro¨dinger
group Sch(3), that is the symmetry group of a free non-relativistic theory. In general, Sch(d) is defined as
the subgroup of SO(2,d+2) that leaves invariant the momentum along a null direction. Note that Sch(3)
contains Lifshitz scaling symmetry with z = 2, as one may directly verify.
We may also express ψ(t, ~x) as
ψ(t, ~x) =
√
ρ(t, ~x)
m
eimω(t,~x), (4.7)
where ρ(t, ~x) and ω(t, ~x) are real functions and they will play the role of the matter density and the
velocity potential, respectively. The Lagrangian (4.3) written in terms of ρ(t, ~x) and ω(t, ~x) becomes
L5 = −2mρ∂tω −
1
4mρ
(∇ρ)2 −mρ (∇ω)2. (4.8)
If we now take the limit of the momentum m along the ξ-direction to infinity, m→∞, we get
L5 = −2m
(
ρ ∂tω +
1
2
ρ (∇ω)2
)
+O
(
1
m
)
. (4.9)
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The theory described by the Lagrangian (4.9) is invariant under the Galilei group
t→ t′ = t, ~x→ ~x′ = ~x+ ~vt, (4.10)
if ρ and ω transform as
ρ→ ρ′ = ρ, ω → ω′ = ω − ~v · ~x−
1
2
v2t. (4.11)
Furthermore, the theory is invariant under the arbitrary Lifshitz scaling t′ = λzt and ~x′ = λ~x if we assign
the following weights
ω → λ2−zω , ρ→ λ−5+zρ (4.12)
to ρ(t, ~x) and ω(t, ~x). Note that for finite m, the theory (4.8) is invariant under the full Sch(3) group
which, however, is broken down to the Galilei group plus arbitrary Lifshitz scalings in the m→∞ limit.
Let us now include gravity in the theory (4.2). For this, we perturb the flat metric (4.1) as
ds2 = −2Φ(t, ~x)dt2 + 2 (1 + Φ(t, ~x)) dtdξ + (1 + Φ(t, ~x)) d~x2, (4.13)
where Φ(t, ~x) is the Newtonian potential. Then the dynamics is described by the Lagrangian
L5 =
M3∗
2
R− ∂µφ
†∂µφ, (4.14)
where M∗ plays the role of the five-dimensional reduced Planck mass. Replacing the ansatz (4.4,4.7) for
the scalar φ(t, ~x) we have
L5 = −
(
−im
(
ψ†∂tψ − ψ∂tψ
†
)
+ |∇ψ|2Φ+m2ψ†ψΦ+
1
2
M3∗ (∇Φ)
2
)
(4.15)
and, after using the ansatz (4.7), the Lagrangian becomes in terms of the fields ρ(t, ~x) and ω(t, ~x)
Lg = −
(
2mρ∂tω +
1
4mρ
(∇ρ)2 +mρ (∇ω)2 + 2mρΦ+
1
2
M3∗ (∇Φ)
2
)
. (4.16)
Upon taking the m→∞ limit, we finally get
L5 = −2m
{
ρ
(
∂tω +
1
2
(∇ω)2 +Φ
)
+M2p (∇Φ)
2
}
+O
(
1
m
)
, (4.17)
which describes a fluid in gravitational field after the following identification
M3∗ = 4mM
2
p , (4.18)
where Mp is the four-dimensional reduced Planck mass. The term of order O(1/m) we are neglecting is
(∇ρ)2/(mρ) and therefore the Lagrangian we have derived is valid as long as |∇ρ/mρ∇ω| ≪ 1. Note that
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the theory (4.17) is invariant only under the Galilei group as the presence of the gravitational potential
breaks the the arbitrary Lifshitz scaling invariance.
Finally, we introduce the cosmological expansion. As we shall see, this is essential in restoring the
arbitrary Lifshitz scaling invariance. Consider the metric
ds2 = −2Φ(t, ~x)dt2 + 2 (1 + Φ(t, ~x)) dtdξ + a2(t) (1 + Φ(t, ~x)) d~x2. (4.19)
Upon dimensional reduction with φ(t, ξ, ~x) of the form given in Eqs. (4.4,4.7) we obtain in the m→ ∞
limit
S =
∫
dtd3~x
{
−2m
{
a3ρ
(
∂tω +
1
2a2
|∇ω|2 +Φ
)
+ aM2p (∇Φ)
2
}
+O
(
1
m
)}
. (4.20)
The equations of motions for ρ(t, ~x), ω(t, ~x) and Φ(t, ~x) are then precisely the Newtonian equations
describing the fluid gravitationally instability of a non-relativistic fluid with density ρ and velocity
~v(t, ~x) = ∇ω(t, ~x)/a, using cosmic time.
Let us try now to identify symmetries of the action (4.20). It can easily be checked that the following
transformations
δgent = 0 δgen~x = ~n(t), (4.21)
δgenω(t, ~x) = −a
2∂~n(t)
∂t
· ~x+ ~n · ∇ω, (4.22)
δgenΦ(t, ~x) =
∂
∂t
(
a2
∂~n(t)
∂t
)
· ~x+ ~n · ∇Φ (4.23)
δgenρ(t, ~x) = ~n · ∇ρ, (4.24)
leave (4.20) invariant. Of course, the above transformation includes Galilean boosts (~n = ~n0τ , ~n0 constant
vector) as well as acceleration (~n = ~n0τ
2). In addition, there is also a Lifshitz symmetry for the action
(4.20). Assuming the rescalings
t→ t′ = λtt, (4.25)
a→ a′ = λaa, (4.26)
~x→ ~x′ = λ~x, (4.27)
ω → ω′ = λωω, (4.28)
ρ→ ρ′ = λρρ, (4.29)
Φ→ Φ′ = λΦΦ, (4.30)
and that the scale factor a is a homogeneous function of time (so that a→ a′ = λaa), it is easy to verify
that (4.20) is invariant for
λω = λ
(z−1)/2 , λΦ = λ
2−2z , λρ = λ
5−5z. , λa = λ
(3z−5)/2, λt = λ
(5z−5)/2 (4.31)
We have taken conformal time to change as τ → τ ′ = λzτ , so that λa = λtλ
−z. Note that when a is
not a homogeneous function of time, as in the ΛCDM case form example, the Lifshitz scaling is not a
symmetry.
12
5 Consistency relations and conclusions
As the gravitational instability equations posses a set of symmetries, it is natural to ask what are their
consequences. The popular choice for the initial conditions in cosmology is that of a (nearly) Gaussian
random field which is statistically homogeneous and isotropic in space. The distribution in any one
realization is therefore not expected to be satisfying, e.g., the Lifshitz scaling we have discussed for the
matter-dominated period. The symmetries should be intended to play a role only at the statistical level in
the sense that the correlators of a given observable, for example the matter density contrast, should have
the same statistical properties of its transform under a given symmetry. This means that the correlators
should satisfy appropriate Ward identities, reflecting the invariance under the given symmetries. For
example, for the n-point connected correlators of the gravitational potential at equal time
G
(n)
Φ (~x1, ~x2, . . . , ~xn, τ) =
〈
Φ(~x1, τ),Φ(~x2, τ) · · ·Φ(~xn, τ)
〉
c
, (5.1)
the Ward identity follows from
0 = δG
(n)
Φ (~x1, ~x2, . . . , ~xn, τ) =
〈
δΦ(~x1, τ),Φ(~x2, τ) · · ·Φ(~xn, τ)
〉
c
+ permutations. (5.2)
For the Galilean and acceleration symmetry it is easy to see that Eq. (5.2) is satisfied for G
(n)
c =
G
(n)
c (~xij , τ) where ~xij = (~xi − ~xj). In addition, rotational invariance imposes that G
(n)
c = G
(n)
c (xij , τ),
where xij = |~xi − ~xj|. The Lifshitz scaling symmetry on the other hand gives
2n(z − 1) + z τ ∂
∂τ
+
∑
i<j
~xij · ∇ij

G(n)Φ (xij , τ) = 0. (5.3)
For the two-point correlator one finds therefore that G
(2)
c should satisfy(
4(z − 1) + z τ
∂
∂τ
+ ~x12 · ∇12
)
G
(2)
Φ (x12, τ) = 0. (5.4)
Solving the above equation, we get that
G
(2)
Φ (~x1, ~x2, τ) =
1
x
4(z−1)
12
FΦ
(
τ
xz12
)
. (5.5)
where FΦ is a function of only τ/x
z
12. Similarly, for the three-point correlator we get the equation(
6(z − 1) + z τ
∂
∂τ
+ ~x12 · ∇12 + ~x13 · ∇13 + ~x23 · ∇23
)
G
(3)
Φ (~x1, ~x2, ~x3, τ) = 0. (5.6)
The solution of the above equation which is also invariant under the permutation ~xi → ~xj, (i, j = 1, 2, 3)
is
G
(3)
Φ (~x1, ~x2, ~x3, τ) =
1
x
2(z−1)
12 x
2(z−1)
13 x
2(z−1)
23
GΦ
(
τ
xz12
,
τ
xz13
,
τ
xz23
)
. (5.7)
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Similarly, one finds that the two-point connected correlator of the matter over density at equal time must
satisfy the following relation because of the Lifshitz scaling symmetry [14,24]
G
(2)
δ (~x1, ~x2, τ) =
〈
δ(~x1, τ), δ(~x2, τ)
〉
c
= Fδ
(
τ
xz12
)
. (5.8)
If one matches this behavior with the linear one at early times G
(2)
δL
(~x1, ~x2, τ) ∼ τ
4/x3+n12 , one finds
z = 4/(n+ 3). This means that the power spectrum in momentum space ∆δ(k, τ) = (k
3/2π2)Pδ(k, τ) at
any order in perturbation theory must be a function of ∆δ(k, τ) = ∆δ(k/k∗(τ)), where k∗(τ) ∼ τ
−4/(n+3)
and it can be interpreted as the momentum scale at which perturbations become non-linear at any given
time.
Another, and maybe more interesting, consequence of the symmetries we have discussed in the ΛCDM
model is to produce consistency relations which correlators should satisfy in the squeezed limit, that is
in the case in which one of the modes is a long wavelength mode and therefore it may be assumed to
evolve in the linear regime. This allows to relate (n+ 1)-correlation functions containing a soft mode to
the to n-point correlation functions of the short modes.
Consider, for instance, the n-point correlation function of short modes density contrasts
〈
δ~k1δ~k2 · · · δ~kn
〉
.
The points are supposed to be contained in a sphere of radius R much smaller than the long wavelength
mode of size ∼ 1/q and centered at the origin of the coordinates. According to what we have discussed
in section 3, the non-relativistic equation of motions are invariant under the generic transformation
τ ′ → t and ~x→ ~x+ ~n(T (τ)). This means that we can generate a long wavelength mode for the velocity
perturbation ~vL(τ,~0) just by choosing properly the vector ~n(τ)
~n(τ) = −
∫ τ
dη ~vL(η,~0) +O(qRv
2
L). (5.9)
In other words, the correlator of the short wavelength modes in the background of the long wavelength
mode perturbation should satisfy the relation〈
δ(τ1, ~x1)δ(τ2, ~x2) · · · δ(τn, ~xn)
〉
vL
=
〈
δ(τ ′1, ~x
′
1)δ(τ
′
2, ~x
′
2) · · · δ(τ
′
n, ~x
′
n)
〉
. (5.10)
This is nothing else that the statement that the effect of a physical long wavelength velocity perturbation
onto the short modes should be indistinguishable from the long wavelength mode velocity generated by
the transformation δxi = ni(τ). In momentum space one therefore obtains
〈
δ~q(τ)δ~k1(τ1) · · · δ~kn(τn)
〉
q→0
=
〈
δ~q(τ)
〈
δ~k1(τ1) · · · δ~kn(τn)
〉
vL
〉
. (5.11)
The variation of the n-point correlator under such a transformation is given by
14
δn
〈
δ(τ1, ~x1) · · · δ(τn, ~xn)
〉
=
∫
d3~k1
(2π)3
· · ·
d3~kn
(2π)3
〈
δ~k1(τ1) · · · δ~kn(τn)
〉
×
n∑
a=1
δxia(ik
i
a)e
i(~k1·~x1+···~kn·~xn)
=
∫
d3~k1
(2π)3
· · ·
d3~kn
(2π)3
〈
δ~k1(τ1) · · · δ~kn(τn)
〉
×
n∑
a=1
ni(τa)(ik
i
a)e
i(~k1·~x1+···~kn·~xn). (5.12)
Then we find that〈
δ~q(τ)δ~k1(τ1) · · · δ~kn(τn)
〉
q→0
=
〈
δ~q(τ)
〈
δ~k1(τ1) · · · δ~kn(τn)
〉
vL
〉
= i
n∑
a=1
〈
δ~q(τ)n
i(τa)
〉
kia
〈
δ~k1(τ1) · · · δ~kn(τn)
〉
. (5.13)
As for the ΛCDM model we have
∫ τ
dη ~v~q(η) = i
qi
q2
∫ τ
dηH f(η) δ~q(η) = i
qi
q2
∫ τ
dηH
1
H
d lnD+(η)
dη
D+(η)
D+(ηin)
δ~q(ηin) = i
qi
q2
δ~q(τ),
(5.14)
where D+ is the linear growth factor, we finally get
〈
δ~q(τ)δ~k1(τ1) · · · δ~kn(τn)
〉′
q→0
= −PδL(q, τ)
n∑
a=1
D+(τa)
D+(τ)
~q · ~ka
q2
〈
δ~k1(τ1) · · · δ~kn(τn)
〉′
, (5.15)
where the primes indicate that one should remove the Dirac delta’s coming from the momentum con-
servation and PδL(q, τ) = (D+(τ)/D+(τmin))
2Pδ(q, τin) is the linear matter power spectrum. Of course,
similar consistency relations may be found involving the other quantities, the velocity perturbation and
the gravitational potentials, in various combinations. Notice that, if the correlators are computed all at
equal times, the right-hand side of eq. (5.15) vanishes by momentum conservation and the 1/q2 infrared
divergence will not appear when calculating invariant quantities. For the three-point correlator, we obtain
〈
δ~q(τ)δ~k1(τ1)δ~k2(τ2)
〉′
q→0
= −Pδ(q, τ)
(
D+(τ1)
D+(τ)
−
D+(τ2)
D+(τ)
)
~q · ~k1
q2
〈
δ~k1(τ1)δ~k2(τ2)
〉′
. (5.16)
One can easily check this result holds at second-order in perturbation theory in the matter-dominated
era when [14]
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δ
(2)
~k
(τ) =
∫
d3k1
(2π)3
d3k2
(2π)3
[
5
7
+
1
2
(~k1 · ~k2)
k21 + k
2
2
k21k
2
2
+
2
7
(~k1 · ~k2)
2
k21k
2
2
]
δ(3)(~k − ~k1 − ~k2) δ
(1)
~k1
(τ)δ
(1)
~k2
(τ). (5.17)
Indeed, in the squeezed limit
〈
δ~q(τ)δ~k1(τ1)δ~k2(τ2)
〉
q→0
≃
〈
δ
(1)
~q (τ)δ
(2)
~k1
(τ1)δ
(1)
~k2
(τ2)
〉
q→0
+
〈
δ
(1)
~q (τ)δ
(1)
~k1
(τ1)δ
(2)
~k2
(τ2)
〉
q→0
, (5.18)
and recalling that δ~k(τ) = (D+(τ)/D+(τmin))δ~q(τin) withD+(τ) = a(τ), one recovers (5.16) by accounting
for the appropriate permutations and taking the leading middle term in the squared parenthesis of Eq.
(5.18).
Let us close with some comments. The consistency relation (5.15) is true at any order in perturba-
tion theory. As such, it might represent a useful too to check the findings of the various schemes dealing
analytically with the problem of structure formation beyond the standard perturbation theory. Never-
theless, the consistency relation might be of more practical use and tested in future galaxy surveys which
are divided into multiple redshift bins. Indeed, cosmic tomography makes it possible to map out the
three-dimensional distribution of mass and thus to observe correlators at different epochs. Of course, one
needs the galaxy correlators and not the underlying dark matter ones. However, galaxies, once formed,
obey the following equations on sub-Hubble scales
∂δg(~x, τ)
∂τ
+∇(1 + δg(~x, τ))~vg(~x, τ) = 0, (5.19)
∂~vg(~x, τ)
∂τ
+H(τ)~vg(~x, τ) + [~vg(~x, τ) · ∇]~vg(~x, τ) = ∇Φ(~x, τ), (5.20)
∇2Φ(~x, τ) =
3
2
ΩH2(τ)δ(~x, τ), (5.21)
where δg(~x, τ) and ~vg(~x, τ) are the galaxy overdensity and peculiar velocity, respectively, while δ(~x, τ) is
the underlying dark matter overdensity. Following the same steps in sections 2 and 3, one can show that
the set of equations (5.19-5.21) are invariant under the transformations
δ′g(~x, τ) = δg(~x
′, τ ′), (5.22)
~v′g(~x, τ) = ~vg(~x
′, τ ′)− ~˙n(T ), (5.23)
Φ′(~x, τ) = Φ(~x′, τ ′) +
(
H~˙n(T ) + ~¨n(T )
)
· ~x. (5.24)
This is true even if the we do not assume ~vg(~x, τ) = ~v(~x, τ), that is the galaxy peculiar velocity is
unbiased, as is often done. Therefore the consistency relation (5.15) should be true also for the galaxy
overdensities, independently of the bias between δg(~x, τ) and δ(~x, τ).
Finally, it is possible that gravity at large distances is modified by, for instance, a Yukawa-like
modification of the Poisson equation
16
(∇2 − a2m2)Φ(~x, τ) =
3
2
ΩH2(τ)δ(~x, τ), (5.25)
where 1/m defines some new infrared scale where gravity gets modified (the factor a2 in front of m2 is
such that the Yukawa correction becomes small in the early universe, but some other time dependence
is possible). In such a case, the symmetries (3.3-3.5) fail in general due to the mass term. The only case
(5.25) could be invariant is to choose a specific ~n(T ) which will leave Φ itself invariant. This possibility
is provided by
~n(τ) = ~n0 + ~n1
∫ τ dη
a(η)
, (5.26)
where ~n0, ~n1 are constant vectors. In this case, the induced transformation for the velocity ~v(τ, ~x) field
will be
~v′(~x, τ) = ~v(~x′, τ ′) +
1
a(τ)
~n1, (5.27)
corresponding to a decaying mode. As the latter is of limited importance, we can safely say that the
symmetries we have discussed in this paper do not hold any longer and a violation of the consistency
relations might be a signal of modification of gravity.
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